This note is dedicated to the centennial jubilee of the Russian Academician Yury Rabotnov, who was a pioneer in the application of fractional operators in Mechanics of Solids. In the present Note, the authors wish to present a contemporary handling of Rabotnov operators introduced in 1948 and to show their connectedness with fractional derivatives, what provides the ageless interest to his ideas and results.
It is difficult to find an area of mechanics of deformable solids where Rabotnov did not manage to leave a noticeable trace. He was always distinguished by amazing feeling for new ideas, ability to formulate excellently any task and to present effectively the results received. The high general and mathematical culture (Rabotnov graduated from the Faculty of Mechanics and Mathematics, Moscow State University in 1935), the wide erudition, reasonable combination of the theoretical and experimental research allowed him to take a leading place in a group of classics of Russian mechanics such as Timoshenko, Muskhelishvili, Krylov, Novozhilov and others. Confirmation to that is the ageless interest to his ideas and results. His books, despite numerous reprinting, are difficult to find on shelves of shops, but they are on the scientists tables.
Rabotnov is a pioneer in the application of fractional order operators based on the fractional derivatives in Mechanics of Solids. He suggested such fractional operators, the resolvent operators to which are fractional operators of the same order. Moreover, he developed the algebra of these operators. The main Rabotnov's ideas and results in the field of hereditary mechanics could be found in [10] [11] [12] [13] .
For the first time, a fractional order operator was introduced by Rabotnov in 1948 in his paper [10] : "Equilibrium of an elastic medium with aftereffect" published in the Russian academic journal Prikladnaya Matematika i Mekhanika, which then has not been yet translated into English (Elsevier Publishers have started to translate in English papers from this journal under the name Journal of Applied Mathematics and Mechanics but from Volume 22, 1958 till nowadays). The readers of Fract. Calc. Appl. Anal. can find it reproduced it English, in this same issue of the journal, 684-696.
Although Rabotnov himself knew about the connection of his fractional operator with the fractional derivatives, he did not use this relationship since he took sceptically fractional derivatives -considering that they lack the physical meaning. He wrote the following on this matter [10] : "We succeeded in constructing a class of functions which could be named as exponential functions of a fractional order. If one uses these functions as kernels, then as it has been turned out the construction of a resolvent and calculation of any intricate operator, which could appear in the theory of hereditary elasticity, lead to the kernels expressed in terms of the functions of the same class according to rather simple rules. Possessing the same peculiarity that the Bronsky kernels do and involving the Duffing kernels as a particular case, they allow to describe rather adequately the real processes of after-effect... ... As it has been noted above, integral equations with the zero-order exponential kernels are equivalent to the differential equations. In a similar way, the integral relationship with -operators of fractional order corresponds to a differential equation with fractional derivatives, which is solved with the help of the -functions. We see little reason for developing this point of view, since fractional derivatives of strains and stresses lack pictorial physical sense, and it is convenient to carry out calculations immediately with integral operators. On the contrary, in many cases it is advantageous to go over from differential relationships to integral equations. Application of the Volterra principle and the algebra of operators [formula (2) in this Note] allow one to consider many of problems of mechanics of various media..." (the translation from original Russian text into English was carried out by one the authors, M.V.S.). That is why handling of fractional operators presented in the Rabotnov paper [10] has been staled. In the present Note, the authors wish to present a contemporary handling of the Rabotnov operators and their connections with fractional derivatives.
Nowadays the Rabotnov operator * γ (τ γ i ) could be represented in the following form [16] 
where
is the fractional parameter, τ ε and τ σ are the relaxation and creep times, respectively, x(t) is a certain function.
Note that in formula (1) and hereafter, instead of the abstract constants presented in Rabotnov's paper [10] we will use the physical values, namely: relaxation and retardation times, relaxed and non-relaxed moduli and compliances, as well as their relative deficiencies.
For the operators of such a form it is rather easy to prove the theorem of their multiplication *
In fact, *
Considering the expressions for A and B in (3), we are led to relationship (2), which is distinct from that presented in Rabotnov [13] (see formula (5.10) there), since we use the dimensionless operator * γ (τ γ i ), while the dimensional operator was utilized in [13] .
It could be shown that the Rabotnov resolvent operators coincide. For this purpose, first we write the Volterra relationship expressing the stress σ in terms of the strain ε,
where ν ε and ν σ are relative deficiencies of moduli and compliances
E 0 and E ∞ are the relaxed (prolonged modulus of elasticity, or the rubbery modulus) and nonrelaxed (instantaneous modulus of elasticity, or the glassy modulus) magnitudes of the elastic modulus, respectively,
In order to write the strain ε in terms of the stress σ, it is necessary to invert (4) with due account for
As a result we obtain
The comparison of formulae (4) and (6) verifies the statement formulated above.
To show that fractional operator (1) coincides in form with Rabotnov's operator [10] , let us multiply the numerator and denominator of the fraction in (1) by I γ τ −γ i , where I γ x(t) is the fractional order integral. Taking into account that
If we suppose that the right-hand part of formula (7) is the sum of an infinite decreasing geometrical progression, the denominator of which is
Let us apply operator (8) 
to the Heaviside function H(t). Then we obtain
is the Mittag-Leffler function. Note that Rabotnov did not introduce this function in his 1948 paper [10] , he did it later in his both books [11, 13] . However, a reader could find the function Φ γ (z) defined by formula (2.5) in [10] , which could be easily expressed in terms of the Mittag-Leffler function.
If we use representation (8) in the Volterra relationships, then we arrive at Rabotnov's formulae [10] 
A reference to formulas (10) and (11) shows that they are the BoltzmannVolterra relationships with weakly singular kernels of heredity γ (−t/τ i ), which attenuate at t → ∞, in so doing the resolvent kernels occur to be the same. Only the exponential kernels possess this feature, and the kernels (12) turn into exponential kernels forγ = 1, i.e.,
This unique property of γ (−t/τ i )-function allowed Rabotnov to call it as a fractional exponential function. From Eqs. (10) and (11) it follows that the Rabotnov resolvent operators are connected via the following relationship:
which could be easily proved by the reduction to the common denominator with the help of formula (2) and the equality
In 1967, Meshkov [9] , who was at those times one of the post-doctoral researchers with Academician Rabotnov, pioneered in showing the connection of the Boltzmann-Volterra relationships (10) and (11) with weakly singular kernels of heredity γ (−t/τ i ) with the rheological model
which is well known as the fractional derivative standard linear solid model.
In 1948 in the same paper [10] , Rabotnov generalized his model (10) to the case of sum of n γ -operators
and in 1966 he found its corresponding resolvent model [11] 
where n i , τ γ i (i = 1, 2, ..., n), and m j , t j (j = 1, 2, ..., n) are constants. Moreover, it could be shown that the models (16) and (17) are resolvent only if the following equalities are valid:
From the n-th order Eqs. (19) we could define n values of t −γ j (j = 1, ..., n), while knowing t −γ j from the set of n Eqs. (18) we find the values m j (j = 1, ..., n) .
Suppose now that the constants m j and t
−γ j
(j = 1, ..., n) are known, and it is necessary to determine the constants n i and τ
−γ i
(i = 1, ..., n). In this case, from the n-th order Eqs. (18) we could define n values of τ −γ i , while knowing τ −γ i , we could find the values of n i from the set of n Eqs. (19) .
The analysis of relationships (18) and (19) shows that the following constrains are implied on the relaxation and retardation times
Note that relationships (18) and (19) 
Moreover it has been proved by Rossikhin and Shitikova [14] [15] [16] [17] [18] that the models involving the sums or products of fractional derivatives suggested in [6] n i=0
have the physical meaning if and only if they are reduced to the generalized Rabotnov models (16) and (17), i.e., when the coefficients entering in (22) and (23) satisfy the conditions (18)- (21).
As it has been revealed, the precisely generalized Rabotnov model has found wide applications in dynamic problems of mechanics of viscoelastic thin bodies, and in particular, for calculation of the operator of cylindrical rigidity, as well as for solving problems of impact interaction of viscoelastic bodies via the Hertzian contact theory [18] .
In order to calculate the operator proportional to the cylindrical rigidity of a viscoelastic body or its reverse operator, let us specify the operatorẼ:
and the operatorν corresponding to Young's modulus and Poisson's ratio, in so doing for calculating the operatorν assume, following Rabotnov [10] , that the operator of bulk compression is time-independent, i.e.,
where ν ∞ is the nonrelaxed Poisson's ratio. Then substituting (24) in (25) yields
Considering (24) and (26), as well as (5), we could obtain the operator proportional to the cylindrical rigidity of a viscoelastic body in the form of Rabotnov's generalized operator model (16) at n = 2:
Now in order to reverse the operator (27), it is necessary to use Rabotnov's generalized operator model (17) at n = 2 with due account for (18) and (19) . As a result, we obtain
where the relaxation time τ ε and retardation time τ σ are coupled by relationship (5). It should be noted that a similar formula is presented in [10] without considering the physical constants of a viscoelastic material. The operator (29) is utilized in solving static and dynamic contact problems of viscoelastic bodies via the Hertz contact theory.
In conclusion it should be emphasized that nowadays the ideas of Russian Academician Rabotnov are widely used worldwide for solving intricate static and dynamic problems dealing with behaviour of hereditarily elastic bodies (see as examples the papers [1] [2] [3] [4] [5] , [7, 8] , [15] [16] [17] [18] [19] [20] [21] , etc.), since Rabotnov's fractional order operator models allow one to decode rather easily different combinations of viscoelastic operators appearing in problems of mechanics of hereditary elastic bodies.
